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L Problem: control on a fixed, bounded interval [0, T].
et Cost functional

TOGNON

Su;J)e:’yisor: 1 ) a T )
Sslomon J(V) = *H)/( T) - yrarget” + */ v (t)dt,

2 2 Jo
Parant
Algorithm @ o a fixed regularization parameter;

® Viarget: the target state;
@ v : the control;
@ y: state function is described by the equation
{)’/(t) = f(y(t)) +v(t), te[0;T]
Y(0) = Yinit-
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e Ly, \v)=J(v) —/0 (A(t), y(t) = Fy(t)) — v(t)) dt.
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@ Optimality system

and the initial and final condition are respectively
y(O) = Yinit, )‘( T) = y( T) — Ytarget-
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ot o AT =T/Land [0, T] = ULZ2[ Ty, Toyal-
et @ Boundary value problem notation
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ve =f(ye) — —
ParaOpt . ('l:¥
Algorithm )\E = — f’(yg) >\€7

on the subintervals [Ty, Ty41] with y(Ty) = Yy and
M Trs1) = Neya.
@ Denoting

Y(Ter1)| _ | P(Ye: Avta)
[ A(To) ] lQ(Ye,/\ul)] '
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S:;::::r;n YO — Vinit = 0
ParaOpt Y]' B P( YO’ /\1) = 0 /\1 - Q( 5/]_7 /\2) = 0
0 /\2 - Q( Y27 /\3) =0

Algorithm Y2 — P( \/17 /\2) —

YL_P(YL—1>/\L) =0 /\L_YL+Ytarget =0

We have that a system of boundary value subproblems,
satisfying matching conditions.
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@ Collecting the unknowns in the vector

(YT, AT) = (Yo, Y1, Yo, ..., Yi, AL, A, . .

we obtain the nonlinear system

Yo — Yinit
Y1 — P(Yo,\1)
Y, — P(Yl,/\2)

Yi— P(Yi—1,AL)
AN — Q(Y1,N2)
Ao — Q(Ya2,3)

A=Y+ Ytarget
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Norbert F /\k+1 — /\k B /\k
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S isor: . . . .
e @ Coarse approximation of Jr using finite difference, which
Salomon
concretely corresponds to:
ParaOpt
X k k k+1 G(yk+1 G(yk k
Algorithm Py (Y1, MY = Y) = PO(YSE D) — PO(YEL A,

)~
PAYE 1, AN = A) =
QY AN = A) =

QYL NS = Yiy) =

o Partial Summary®:

(
PG(YZ 1)Ak+1) PG(YKl:lvAé)v
QG(YZ 1a/\k+1) QG(YEk 1’/\?)7
QUYL AY) — QE(YIL, AY).

® In parallel: all fine propagations on sub-intervals.
® Sequential part: only coarse solving.

'M. Gander, F. Kwok, J. Salomon
optimal systems” (2020)

"ParaOpt: Parareal algorithm for
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SJplulien y(t) = Uy(t) + U(t)7

where o is real number.

baraOnt for o Let At = AT/M and 6t = AT/N such that
Edjt: 6t < At < AT.

e Foro <0,

0.79At

< —=+0.3.
T a+vVaAt
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5
P(Ye, Nev1) = Bse Yo — %Aﬁ-&-la

ParaOpt for Q( va /\54’1) = 651'/\@4»17
Dahlquist
problems

with

- ar o BR-1



ParaOpt for
unstable
system
11/21

Norbert
TOGNON
Supervisor:
Julien
Salomon

ParaOpt for
Dahlquist
problems

ParaOpt for Dahlquist problems

@ ParaOpt algorithm becomes

Mae(X¥H = X¥) = —(M5eX* = b).

X:(Yv/\)Ta b:(yinitvov"'ao’ 7ytarget)T;
1 0
_ﬁét %
. 0
_ﬁét 1 %
1 _551&
—Bst
-1
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e 6 ¢ o

Let 1 nonzero eigenvalue of (ld — M&} Mgt).
B = Bae, v =74t 08 =5 = B5e, 07 =7 — Yse-
T =0 —76B/5.

We have 1 <7< 3, 68 <0 and 47y < 0.

Let ® be a function defined on ]1; oo[ by

d(x)=x12(x-1)—x+ é
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,:r/:t @ Let 7g the positive real root of ¢ superior to 1.
S-I:%grzgo’\rl o Let Lo = (ﬁ — T)/’y(’]' — 7-0).
Let 0 > 0,a, T, L,At, 6t and be fixed. If ®(7) >0 and L
E,zflg’;;j‘” satisfies L > «Lqy then, the spectral radius of (Id — I\/I&}/\/I&)
probiems satisfies

p < o (At —6t) B + (;U(At — ot) + 1) e2UAT} .
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TOGNON ) —
S;JSE):'EE?: f(a) = 0[5:8)/ — (T = a) fgo azf.
@ Each p is associated with a root of f by u=465/(5 — a).
o © C= {8+ (8- )0 € [0:2n]) and
orablams L1
h(z) = (1 — 2) Z 7%,
=0

@ ®(7) >0and L > aly, |f(z) — h(z)| < |h(z)| on C.

@ Using Rouché's theorem, f has only one root a* inside C.
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@ a" is real number.
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problems
o pu*=0B/(8—a") <0and |u*] <[68]/(8 — ).
@ 1 associated with the roots outside C lie in the disk

(]

DO )

)-
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o Firstly
ParaOpt for
Eri:\lli:ilzt ’ 5 r}/ | o o ﬂ 52
< 2 (At -6t Z(At—ot) 4+ 1| 2ot =
> = o( )+ |5( )+ T
e And )
B(St 6 20 At
52_1 < o(At —ot)e ™.
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6t = At)2K k=1,2,...,20. At=10"22"% k=0,...,17.

Fix At Fix st
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® yi(t) = wsinyi(

£) — x(t) cos yi (1),

. Inverted pendulum

x(t) 0

w =

[y
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Numerical example: Inverted pendulum

o Let y = (y1,y2),
yi(t) =ya(t)
ya(t) —w?sin y1(t) + v(t) cos y1(t),

where v = —X.

@ The linearization neighborhood y; = 0 gives

Zl(t) :wzl(t) + Cl(t),
22(1.’) = — WZQ(I') + 62(1.'),

1 1 1
where z; = 5-(wy1 + ¥2), 22 = 55(wy1 — y2), c1 = 55V and
1
C = —ﬂl/.
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Figure: L?-norm of convergence errors for various r = gtt.
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