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Optimal control problem

Optimal control problem

Let us consider the following Cauchy
problem on (0,T ),

ẏ(t)− f (y(t)) = ν(t),
y(0) = yi .

y , ν ∈ Rr .
yi : the initial state,
ytg : the target state.

Assumption
We assume that this equation is controllable, .i.e,
the application ν 7−→ y(T ) is surjective.

Optimal control problem
Find the optimal control ν such that

y(T ) = ytg .

yi ∈ Rr
•

y(T ) = ytg
•
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Optimal control problem

Optimal control problem

The optimal control problem becomes the
following minimization problem.

Minimization problem

min
ν
J (ν) :=

1
2
‖y(T )−ytg‖2+

α

2

∫ T

0
‖ν‖2(t)dt,

subject to

ẏ(t)− f (y(t)) = ν(t), t ∈ (0,T )
y(0) = yi . yi

•

y(T )
•

ytg•
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Optimal control problem

Optimality system

Using an adjoint variable λ, the Lagrange operator becomes

L(ν, y , λ) = J (ν)−
∫ T

0
(ẏ − f (y)− ν)T · λdt.

Taking ∇L = 0, we get the optimality system{
ẏ − f (y) = ν

y(0) = yi ,

{
λ̇+∇f T (y) · λ = 0
λ(T ) = y(T )− ytg ,

αν = −λ.

Optimality system {
ẏ = f (y)− 1

α
λ,

λ̇ = −∇f T (y) · λ,
(1)

with the initial and final conditions y(0) = yi and λ(T ) = y(T )− ytg respectively.
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Parareal Algorithm

Parareal Algorithm

Let us consider the following initial value
problem{

ẏ = f (y) t ∈ (0,T )
y(0) = yi .

Subdivision of (0,T ) into L sub-intervals:

T0 = 0 < T1 < . . . , · · · < TL = T .

Sub-problems on (T`,T`+1):{
ẏ` = f (y`)
y`(T`) = V`,

•0

•T

•T0

•TL

•T1

•

T`−1•

T`

•TL−1

V0 = yi

V1 = y(T1)

V` = y(T`)

V`+1 = y(T`+1)

VL−1 = y(TL−1)

VL = y(TL)

cpu 0

cpu `

cpu L-1
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Parareal Algorithm

Parareal algorithm

Together with the matching condition

V0 − yi =0

V1 − y0(T1,V0) =0

...

VL − yL−1(TL,VL−1) =0.

We obtain the following nonlinear equation

Ψ(V ) :=


V0 − yi

V1 − y0(T1,V0)
V2 − y1(T2,V1)

...
VL − yL−1(TL,VL−1)

 = 0, where V =


V0
V1
V2
...
VL

 .
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Parareal Algorithm

Parareal algorithm
Newton method gives

JΨ(V k)
(
V k+1 − V k

)
= −Ψ(V k),

where JΨ is the Jacobian matrix of Ψ, a triangular matrix. This becomes

V k+1
0 =yi ,

V k+1
`+1 =y`(T`+1,V k

` ) +
∂y`
∂V`

(T`+1,V k
` )
(
V k+1
`
− V k

`

)
, ` = 0, . . . , L− 1.

The Parareal idea
y`(T`+1,V k

` ) = P(V k
` ),

P is a solution propagator on sub-intervals,

∂y`
∂V`

(T`+1,V k
` )
(
V k+1
`
− V k

`

)
≈ G(V k+1

`
)− G(V k

` ),

G is a solution propagator cheaper than P.
Parareal algorithm, [J.-L. Lions et al, 2001], [M. Gander et al, 2007]

V k+1
0 =yi ,

V k+1
`+1 =P(V k

` ) + G(V k+1
`

)− G(V k
` ), ` = 0, . . . , L− 1.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Optimality system

Solve on (0,T ) the couple of equations{
ẏ = f (y)− 1

α
λ,

y(0) = yi ,

{
λ̇ = −∇f T (y) · λ,
λ(T ) = y(T )− ytg .

using Parareal idea.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Partition of (0,T ) into
(T`,T`+1), T0 = 0,T` = `∆T
and ` = 0, . . . , L− 1.

Subproblem notation on
(T`,T`+1){

ẏ` = f (y`)− 1
α
λ`

y`(T`) = Y`,

and{
λ̇` = −∇f T (y`) · λ`
λ`(T`+1) = Λ`+1

•0

•T

•T0

•TL

•T1

•

T`•

T`+1

•TL−1

Y0 = yi

Y1 = y(T1)
Λ1 = λ(T1)

Y` = y(T`)
Λ` = λ(T`)

Y`+1 = y(T`+1)
Λ`+1 = λ(T`+1)

YL−1 = y(TL−1)
ΛL−1 = λ(TL−1)

YL = y(TL)
ΛL = YL − ytg

cpu 0

cpu `

cpu L-1
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Introduce the solution operators to solve the subproblems.

y(T`+1) =P(Y`,Λ`+1)
λ(T`) =Q(Y`,Λ`+1).

The solutions must match at interfaces, which lead to the equations

Y0 − yi = 0
Y1 − P(Y0,Λ1) = 0 Λ1 −Q(Y1,Λ2) = 0
Y2 − P(Y1,Λ2) = 0 Λ2 −Q(Y2,Λ3) = 0

...
...

YL − P(YL−1,ΛL) = 0 ΛL − YL + ytg = 0.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Collecting the unknowns in the vector X we obtain the nonlinear
system

F (X ) :=



Y0 − yi
Y1 − P(Y0,Λ1)
Y2 − P(Y1,Λ2)

...
YL − P(YL−1,ΛL)

Λ1 −Q(Y1,Λ2)
Λ2 −Q(Y2,Λ3)

...
ΛL − YL + ytg


= 0, X :=



Y0
...
...

YL
Λ1
...
...

ΛL


. (2)
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Newton method

F ′
(
X k
) (

X k+1 − X k
)

= −F
(
X k
)
,

where

F ′ (X) =



I

−Py (Y0, Λ1 ) I −Pλ (Y0, Λ1 )

−Py (Y1, Λ2 ) I Pλ (Y1, Λ2 )

.
.
.

.
.
.

.
.
.

−Py (YL−1, ΛL ) I −Pλ (YL−1, ΛL )

−Qy (Y1, Λ2 ) I −Qλ (Y1, Λ2 )

.
.
.

.
.
.

.
.
.

−Qy (YL−1, ΛL ) I −Qλ (YL−1, ΛL )

−I I



.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Like in Parareal the remaining expensive fine grid P(Y`,Λ`+1) and
Q(Y`,Λ`+1) can now all be performed in parallel.
Parareal Idea,

Py (Y k
` ,Λk

`+1)(Y k+1
` − Y k

` ) ≈ PG(Y k+1
` ,Λk

`+1)− PG(Y k
` ,Λk

`+1),
Pλ(Y k

` ,Λk
`+1)(Λk+1

`+1 − Λk
`+1) ≈ PG(Y k

` ,Λk+1
`+1 )− PG(Y k

` ,Λk
`+1),

Qλ(Y k
` ,Λk

`+1)(Λk+1
`+1 − Λk

`+1) ≈ QG(Y k
` ,Λk+1

`+1 )−QG(Y k
` ,Λk

`+1),
Qy (Y k

` ,Λk
`+1)(Y k+1

` − Y k
` ) ≈ QG(Y k+1

` ,Λk
`+1)−QG(Y k

` ,Λk
`+1).
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Derivative Parareal idea [Gander & Hairer 2014]:

Py (Y k
` ,Λk

`+1)(Y k+1
` − Y k

` ) ≈ PG
y (Y k

` ,Λk
`+1)(Y k+1

` − Y k
` ),

Pλ(Y k
` ,Λk

`+1)(Λk+1
`+1 − Λk

`+1) ≈ PG
λ (Y k

` ,Λk
`+1)(Λk+1

`+1 − Λk
`+1),

Qλ(Y k
` ,Λk

`+1)(Λk+1
`+1 − Λk

`+1) ≈ QG
λ (Y k

` ,Λk
`+1)(Λk+1

`+1 − Λk
`+1),

Qy (Y k
` ,Λk

`+1)(Y k+1
` − Y k

` ) ≈ QG
y (Y k

` ,Λk
`+1)(Y k+1

` − Y k
` ).

• Application to the Jacobian F ′ by solving linear subproblems in parallel
using a coarse solver.

• J G is the coarse approximation of F ′.

Paraopt algorithm

J G
(
X k
) (

X k+1 − X k
)

= −F
(
X k
)
.

−→ ParaOpt : M. Gander, F. Kwok, J. Salomon, ParaOpt: A Parareal algorithm for optimal control systems, 2020.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt Algorithm

Let δt = T/M0, ∆T = Mδt,M0 = ML and tn = nδt, n = 0, . . . ,M0.

•
0

•
T

T0 •
T1 •

T` •
T`+1∆T

•
TL−1 TL

•
T`

•
T`+1

• • •
δt

Runge-Kutta method (A, bT , c) given by the following Butcher table

c1 a1,1 a1,2 · · · a1,n
c2 a2,1 a2,2 · · · a2,n
...

...
...

...
...

cn an,1 an,2 · · · an,n
b1 b2 · · · bn
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Discrete cost functional becomes

Jδt(ν) = 1
2‖yM0 − ytg‖2 + α

2 δt
M0−1∑
n=0

s∑
j=1

bj‖νn,j‖2, (3)

with yM0 = y(T ) and νn,j = ν(tn + cjδt).
Discrete constraint

ẏ = f (y) + ν =⇒ yn+1 = yn + δt
s∑

j=1

bjgj

where

gi = f

(
yn + δt

s∑
j=1

ai,jgj

)
+ νn,i .
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt Algorithm

We consider the linear dynamic

ẏ(t) = Ly(t) + ν(t).

The discrete optimality system becomes

Y0 − yi = 0
Y1 − P(Y0,Λ1) = 0 Λ1 −Q(Y1,Λ2) = 0
Y2 − P(Y1,Λ2) = 0 Λ2 −Q(Y2,Λ3) = 0

...
...

YL − P(YL−1,ΛL) = 0 ΛL − YL + ytg = 0.

P(Y`,Λ`+1) =SδtY` −
1
α
RδtΛ`+1

Q(Y`,Λ`+1) =STδtΛ`+1.

Sδt is the approximation of the exponential propagator from T` to T`+1. And Rδt the
approximation of the integral of the product between exponential propagator and its
transpose over (T`,T`+1).
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Time parallel algorithm based Parareal: ParaOpt

Discrete optimality system

The function Fδt(X) :=MδtX − f = 0;

Mδt =



I 0

−Sδt
. . . Rδt/α

. . .
. . .

. . .
. . . 0

−Sδt I Rδt/α
I −STδt

. . .
. . .
. . . −STδt

−I I


, f =



yi
0

...

...

...

0
−ytg


.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Theorem

Let ∆T, δt be fixed and p the order of the Runge-Kutta method. Then the solution X =
(
Y
Λ

)
of the linear systemMδtX = f satisfies

‖Y` − y(T`)‖ ≤ cY δtp and ‖Λ` − λ(T`)‖ ≤ cΛδtp , ` = 1, . . . , L.

The constants cY > 0 and cΛ > 0 are independent on δt.

We introduce the coarse time step ∆t = ∆T/N with δt ≤ ∆t ≤ ∆T .

ParaOpt algorithm

M∆t
(
Xk+1 − Xk

)
= −

(
MδtXk − f

)
⇐⇒ Xk+1 =

(
I −M−1∆tMδt

)
Xk +M−1∆t f.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

ParaOpt algorithm

M−1∆tMδtX =M−1∆t f.

Implicit Euler method (A, bT , c) = (1, 1, 1).

Theorem (Kwok et al)

Let ∆T ,∆t, δt and α be fixed. Then for all L < 0, the spectral radius of
(
I −M−1∆tMδt

)
satisfies

max
L<0

ρ(L) ≤
0.79∆t

α+
√
α∆t

+ 0.3.

Thus, if α > 0.4544∆t, then the linear Paraopt algorithm converges.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

More general case.

Stability condition
We assume that the dynamic and the Runge-Kutta method satisfy

‖Sδt‖ ≤ 1.

Theorem (N. et al)

Let ∆T ,∆t, δt be given and p the order of the Runge-Kutta method. Then the spectral radius
of the iteration matrix

(
I −M−1∆tMδt

)
satisfies

ρ ≤
cρ

∆T
(1 + α−1)(∆t − δt)∆tp−1

where cρ is a positive constant.

N. Tognon (INRIA Paris and Sorbonne Univ) Time parallel algorithms Ulaval, Québec 25 / 37



Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

The convergence factor satisfies

ρ ≤ c0ρ∆tp

Implicit Euler method
A = 1, b = 1, c = 1 of order 1 on
top.
Butcher-Lobatto RK method order 4
on bottom

0 0 0 0
1/2 1/4 1/4 0
1 0 1 0

1/6 2/3 1/6

.

-7.5 -7 -6.5 -6 -5.5 -5 -4.5 -4 -3.5 -3

-5

-4.5

-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

-6.5 -6 -5.5 -5 -4.5 -4 -3.5 -3

-14

-12

-10

-8

-6

-4

-2

0
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ParaExp algorithm

ParaExp algorithm
Let us consider here the evolution equation

ẏ(t) = Ly(t) + ν(t), y(0) = yi on (0,T ).

We introduce a partitioning of (0,T ) in L time intervals (T`−1,T`) with ` = 1, . . . , L.
Sub-problems
In-homogeneous sub-problems :

ż`(t) = Lz`(t) + ν(t), z`(T`−1) = 0, on (T`−1,T`),

Homogeneous sub-problems :

u̇`(t) = Lu`(t), u`(T`−1) = z`−1(T`−1), on (T`−1,TL),

for ` = 1, u1(T0) = yi .
Solution becomes

y`(t) = z`(t) +
∑̀
j=1

uj (t), t ∈ (T`−1,T`).
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ParaExp algorithm

ParaExp algorithm

The parallel in time idea:

•
T0

•
T1

•
T`−1

•
T`

•
TL−1

•
TL

cpu 1 cpu ` cpu L

z1

u2

z`

u`+1

zL u1

Approximation of the exponential: projection based methods and expansion based
methods [Güttel and Gander, 2013].

Goal

Solve on (0,T ) the couple of equations{
ẏ = Ly − 1

α
λ,

y(0) = yi ,

{
λ̇ = −LT · λ,
λ(T ) = y(T )− ytg .

using ParaExp idea.
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Time parallel algorithm based ParaExp
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Time parallel algorithm based ParaExp

Time parallel algorithm based ParaExp
Let Y` = y(T`) and Λ` = λ(T`), ` = 1, . . . , L.

Optimality System{
ẏ = Ly − 1

α
λ, on (0,T )

y(0) = yi ,

{
λ̇ = −LT · λ, on (0,T ).
λ(T ) = ΛL

and ΛL = YL − ytg .

Time parallel formulation
In-homogeneous sub-problems :

ż`(t) = Lz`(t)−
1
α
λ`(t), z`(T`−1) = 0, on (T`−1,T`),

Homogeneous sub-problems :

u̇`(t) =Lu`(t), u`(T`−1) = z`−1(T`−1), on (T`−1,TL),

λ̇`(t) =− LTλ`, λ`(TL) = ΛL on (T`−1,TL),

for ` = 1, u1(T0) = yi .
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Time parallel algorithm based ParaExp

Time parallel algorithm based ParaExp

•
T0

•
T1

•
T`−1

•
T`

•
TL−1

•
TL

cpu 1 cpu ` cpu L

λ1

z1

u2 λ`

z`

u`+1 λL

zL

u1

Let P and Q be the exponential propagator of L and −LT respectively.

u`(t) =P`(t) · z`−1(T`−1), on (T`−1,TL),
λ`(t) =Q`(t) · ΛL on (T`−1,TL).

Denote by R defining by

z`(t) = −
1
α
R`(t) · ΛL on (T`−1,TL).
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Time parallel algorithm based ParaExp

Time parallel algorithm based ParaExp

Time parallel formulation

λ`(t) =Q`(t) · ΛL on (T`−1,TL)

z`(t) =−
1
α
R`(t) · ΛL, on (T`−1,T`)

u1(t) =P1(t) · yi on (T0,TL),

u`(t) =−
1
α
P`(t)R`−1(T`−1) · ΛL on (T`−1,TL).

Optimality system

Y` =P1(T`) · yi −
1
α

(
R`(T`) +

`∑
j=2

Pj (T`)Rj−1(Tj−1)

)
· ΛL, ` = 1, . . . , L,

Λ` =Q`(T`) · ΛL, ` = 1, . . . , L− 1
ΛL =YL − ytg .
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Time parallel algorithm based ParaExp

Time parallel algorithm based ParaExp

Algorithm
Solve the linear

M · ΛL − f = 0,

where

M :=

(
I +

1
α
RL(TL) +

1
α

L∑
j=2

Pj (TL)Rj−1(Tj−1)

)
,

f :=P1(TL) · yi − ytg .

Update the trajectory of the state Y`.

Y` = P1(T`) · yi −
1
α

(
R`(T`) +

∑̀
j=2

Pj (T`)Rj−1(Tj−1)

)
· ΛL, ` = 1, . . . , L.
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Conclusion and Ongoing works

Conclusion
• Time parallel algorithm based Parareal: ParaOpt,
• Some convergence results using Runge-Kutta method for a linear

dynamic.
• Time parallel algorithm based ParaExp.

Ongoing works
• Preconditioner for Time parallel algorithm based ParaExp.
• Time parallel algorithm based ParaExp for the following optimality

systems{
ẏ = Ly − 1

αλ on (0,T ),
y(0) = y0,

{
λ̇ = −LTλ+ (y − ŷ) on (0,T )
λ(T ) = −γ(y(T )− ŷ(T )).

• Preconditioner to speed-up that algorithm.
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