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Optimal control problem
Optimal control problem

O Let us consider the following Cauchy
problem on (0, T),

() = £ (y(1)) = (),
¥(0) = yi. -~

o y,veR". /
O y;: the initial state, !
O yig: the target state. !

Assumption

We assume that this equation is controllable, .i.e, r
the application v — y(T) is surjective. 70

Optimal control problem T

Find the optimal control v such that

Y(T) = yig-

v
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Optimal control problem

Optimal control problem

@ The optimal control problem becomes the
following minimization problem.

Minimization problem

-
. 1 «a
min T () = S IV (T) =y |*+3 / vl (e)de,
0

subject to

y(t) = f(y(t)) = v(t),t € (0, T)
}’(0) = Vi
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Optimal control problem

Optimality system
@ Using an adjoint variable A, the Lagrange operator becomes
T
Ly, ) =T () - / (7 =) =v)" - Ade.
0

@ Taking V£ = 0, we get the optimality system

{Y—f(y)—v {X+Vf7(y)~,\—o

y(0) = yi, MT)=y(T) = yig,
av = —\
Optimality system

with the initial and final conditions y(0) = y; and A(T) = y(T) — ytg respectively.

1
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Parareal Algorithm

Parareal Algorithm

@ Let us consider the following initial value | =777 77=-~ >

problem

{y— fy) te(0.7) }
¥(0) = yi- !

O Subdivision of (0, T) into L sub-intervals:
————————— >
To=0<T1 <...,---< T =T. T, Vo1 = y(Tes1)

|
|
@ Sub-problems on (Ty, Tyy1): !
|
|

{}-,[ = f(y) T, g4 V-1 =y(T-1)

y(Te)=Ve, | | R

- T, Ve =y(T1)
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Parareal Algorithm

Parareal algorithm

@ Together with the matching condition

Vo —yi =0
Vi — yo(T1, Vo) =0

Vi —yi—1(Ty, V1) =0.

@ We obtain the following nonlinear equation

Vo —vi Vo

Vi — yo(Ti, Vo) Vi

W(V) = Vo — y1(T2, V1) =0, where V = V2
Vi —yi—1(Te, Vi-1) Vi
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Parareal Algorithm

Parareal algorithm

@ Newton method gives
J\U(Vk) (Vk+1 _ Vk) _ 7‘“(\/’(),

where Jy is the Jacobian matrix of W, a triangular matrix. This becomes
k+1
V0+ =Yi,

Jyyp
v£k++11 =ye(Tes1, VE) + E(TM, VFE) (Vé‘“ _ Vek) ,0=0,...,L—1.

(J
@ The Parareal idea
ye(Tes1, VE) = P(V),
P is a solution propagator on sub-intervals,

Oye

oo (Tegn, Vi) (V1 = Vi) = GV = 6(V)9),
Ve

G is a solution propagator cheaper than P.
O Parareal algorithm, [J.-L. Lions et al, 2001], [M. Gander et al, 2007]
Vet =y,

VA =PV + 6V = G(vy), £=0,...,L-1.
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ParaOpt algorithm

Solve on (0, T) the couple of equations

{y =fly) — 2, {X =-VFfT(y)- A
y(0) = yi, XT)=y(T) — yrg-

using Parareal idea.




N. Tognon (INRIA Paris and Sorbonne Univ)

Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

O Partition of (0, T) into
(Te, Tey1), To=0,Ty =LAT
and £=0,...,L—1.

@ Subproblem notation on
(Te, Tera)

{5/@ =flye)) — X
ye(Te) = Yo,

and

{5% =—ViT(ye)- A
Ae(Tog1) = Neya

T

To

Ty

Te

Tot1

Ti—1

T

Time parallel algorithms

Yo =i

Y1 =y(T1)
AL = X(T1)
Yo = y(Te)
Ao = X(Tp)

Yer1 = y(Tes1)

1 A1 = MTeq1)

Y1 =y(Ti—1)
Ap—1=XNT-1)
YL =y(TL)

AL =YL — yig

Ulaval, Québec

13/37



Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

o Introduce the solution operators to solve the subproblems.

Y(Tev1) =P(Ye, Ney1)
M Te) =Q(Ye, Ney)-

o The solutions must match at interfaces, which lead to the equations

Yo—yi = 0
Y1 —=P(Yo,A1) = 0 A —0Q(Y1,N\2) = 0
Yo —P(Y1,A2) = 0 N —Q(Y2,A3) = 0
Y. —P(Yi-1,At) = 0 ANL=Yr+yyg = 0.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

o Collecting the unknowns in the vector X we obtain the nonlinear

system
Yo — i
Y1 — P(Yo,\1)
Yo —P(Y1,N\2)
FX)=| Y- P(Yi_1,A)
A — 9(Y1,N2)
Ao — 9Q(Y2,3)
AL =YL+ yig
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Newton method

() (4 =) = ()

where

—Py(Yo, M) ! —Px(Yo, M)

=P, (Y1, A2) ! PaVi Ao)

=Py (Yi1, ) ! =Pa(Yio1, Ar)

FX) = —9,(%. M) I RENGES)

—Q,(Yi1: ) ! = (Y1 )

—1 1
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

o Like in Parareal the remaining expensive fine grid P( Yy, Ar11) and
Q(Yy,Ney1) can now all be performed in parallel.

o Parareal ldea,

%

Py(YE N ) (YT = Y

) )~ PO N — POYE NG,
PACYE M) (NS — M)

( )

) )

(

PEYF NS — PO(YE N,
(
(

Q

%

K Ak p P
ONYS NN = A

Qy(YZka/\ngl (ng—'—l - Yék

QG yﬁkv A?j—_ll) - QG(YZkvA?—Q—l):
QO (Y[ Nfyy) — QO(YE A y)

Q
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

o Derivative Parareal idea [Gander & Hairer 2014]:
P}’(Yﬂka/\é&rl)(yﬁk—’—l - Yk) ~ PG(\/Kk7A§+1)(Yk+1 )
PACYE AN = M) = PR AN — Afa),
AAYE NN = M) = QS (YA AN — M),
Qy(Y/ N DY = Yi) & QP (VI AE) (YT = ).

® Application to the Jacobian F’ by solving linear subproblems in parallel
using a coarse solver.
® 76 is the coarse approximation of F.

Paraopt algorithm
jG (Xk> (Xk+1 _ Xk) __F (Xk> ‘

— ParaOpt : M. Gander, F. Kwok, J. Salomon, ParaOpt: A Parareal algorithm for optimal control systems, 2020.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt Algorithm

O Let §t =T /My, AT = Mét, My = ML and t, = nét,n=0,..., Mo.

To T T AT Tin Ti—1 T
—————————— 8- - - - - - - - - — - - - ———————9
0 T
13
S~ o ______ .
T, Tes1

@ Runge-Kutta method (A, b7, ¢) given by the following Butcher table

¢ | a,1 a12 - ain
C | a1 a2 - an
Cn | an1  an2 - dan,n

| b by - by
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

@ Discrete cost functional becomes

My—1 s

1 o'
Joe(v) = Slywe = yesl* + 568 D byl

n=0 j=1

with yp, = y(T) and v = v(tn + ¢jot).

@ Discrete constraint

S
y=Ffy)+v=yn1 :yn+5tzbjgj
j=1

where

S
gi=f yn+5tza;,jgj + Un,i-
j=1
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt Algorithm

@ We consider the linear dynamic
y(t) = Ly(t) + v(t).

@ The discrete optimality system becomes

Yo—yi = 0
Yi—P(Yo,Al) = 0 A —Q(Y1,A) = 0
Yo—P(Yi,A2) = 0 A —Q(Y2,A3) = 0
Y, —P(Yi_1,A) = O AL=Yi+yg = 0.

1
P(Yes Net1) =S5t Ye — ~Rathei
O(Ye, Aes1) =SfNes-

O S5t is the approximation of the exponential propagator from T, to T;11. And Rs; the
approximation of the integral of the product between exponential propagator and its
transpose over ( Ty, Tyi1).
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Time parallel algorithm based Parareal: ParaOpt

Discrete optimality system

O The function Fs¢(X) := Mg X —f=0;

I 0
—Sst Rt/
. 0
-8, ) Rsi/
M, = ot ; 73(;" 5t/
t
ST
_J I&t
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

Theorem

Let AT, 6t be fixed and p the order of the Runge-Kutta method. Then the solution X = (X)
of the linear system M. X = f satisfies

1Yo = y(Te)ll < eydtP and  [[Ag — A(Tp)|| < cadtP, £=1,...,L.

The constants cy > 0 and cp > 0 are independent on dt.

O We introduce the coarse time step At = AT /N with 6t < At < AT.

ParaOpt algorithm

Mar (XK= XK) = — (Mg X5 — f) = XK1 = (1= MM ) X5+ My LE. J
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

ParaOpt algorithm

Mt MseX = M. J

O Implicit Euler method (A, b7, ¢) = (1,1,1).
Theorem (Kwok et al)

Let AT,At,dt and a be fixed. Then for all L < 0, the spectral radius of (I — MZ:MM)
satisfies
0.79At

a+ ValAt

Thus, if o > 0.4544At, then the linear Paraopt algorithm converges.

£)< 0.3.
mayele) < *
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

@ More general case.

Stability condition

We assume that the dynamic and the Runge-Kutta method satisfy

[[Ssell < 1.

Theorem (N. et al)

Let AT, At,ét be given and p the order of the Runge-Kutta method. Then the spectral radius
of the iteration matrix (/ - MZ:M&) satisfies

C,
< 2 (1+a ) (At —st)AtP?!
p_AT( +a”7)( )

where c,, is a positive constant.
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Time parallel algorithm based Parareal: ParaOpt

ParaOpt algorithm

@ The convergence factor satisfies
< AP
Py t

@ Implicit Euler method
A=1 b=1, c=1of order 1 on

top.
@ Butcher-Lobatto RK method order 4
on bottom
0 0 0 0
1/2 | 1/4 1/4 0
1 0 1 0
|1/6 2/3 1/6

Time parallel algorithms

Backward Euler, RK of order 1

55 5 45 4 35 3
log 10(A1)

Implicit Butcher-Lobatto RK of order 4

5 45
lox 10(A1)

Ulaval, Québec
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ParaExp algorithm
ParaExp algorithm

@ Let us consider here the evolution equation
y(t) = Ly(t) +v(t), y(0)=y; on (0, T).

O We introduce a partitioning of (0, T) in L time intervals (T;_1, Tg) with £ =1,..., L.
@ Sub-problems

In-homogeneous sub-problems :
zy(t) = Lzo(t) + v(t), zo(Ty—1) =0, on (Te—1, Te),
Homogeneous sub-problems :
ug(t) = Lug(t), ue(Te—1) = 2ze-1(Te-1), on (Te—1, Ty),
for £ =1, ui(To) = yi.

@ Solution becomes
[

ye(t) = ze() + > ui(t), te (Teos, To).

j=1
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ParaExp algorithm

ParaExp algorithm

@ The parallel in time idea:

7 2z 2L
N\ N\
— - - — — — — — — — 8 — — - — — - — — — - e
To Ww N Te—v g, T Ti1 T

@ Approximation of the exponential: projection based methods and expansion based
methods [Giittel and Gander, 2013].

Goal

Solve on (0, T) the couple of equations

y=~Ly—2ZX A=—LT .,
y(0) = i, AT) =y(T) — yig-

using ParaExp idea.
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Time parallel algorithm based ParaExp

Time parallel algorithm based ParaExp

0 Let Yy =y(Te)and Ap = N(Ty), £=1,...,L.
Optimality System
{y:ﬁy—é)\, on (0, T) {)\:—ﬁTv}\, on (0, T).
y(0) = yi, AMT) =AM
and Ay = Y] — yig.

Time parallel formulation
In-homogeneous sub-problems :
. 1
zo(t) = Lzy(t) — E)\e(f), zp(Ty—1) =0, on (Ty—1, Ty),

Homogeneous sub-problems :

g(t) =Lug(t), we(Te—1) =2ze—1(Te—1), on (Te—1, Ty),
Xe(t) =—LTxe, M(T) =AML on (Ty_1, Ty),

for £ = 1, ul(T()) =Y.
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Time parallel algorithm based ParaExp

Time parallel algorithm based ParaExp

A1 u2 Ag  Ueyl AL uy
\ A \ A \
——L ——— - - - — — — — — L — — — — — — — — — —————e
N/ N/ &
To Y N Teer ) Te Ty, T

O Let P and Q be the exponential propagator of £ and —L7 respectively.

ue(t) =Pg(t) - z0—1(Te-1), on (T—1, Ty),
)\g(t) ZQg(t) AL on (Tg,l7 TL).

@ Denote by R defining by

1
Zg(t) = —ERe(t) <AL on (Tg_l, TL).
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Time parallel algorithm based ParaExp

Time parallel algorithm based ParaExp

Time parallel formulation

Ag(f) :Qg(t) -AL on (Tg_l7 TL)
zy(t) = — éRe(t) ‘AL, on (Te—1,Ty)
ui(t) =Pu(t) - yi on (To, TL),

1
up(t) = — 27’@(1‘)73@71(7'271) ‘AL on (Tg—1, Ty).

Optimality system

4
1
Yo =Pi(Te) -yi = = <R2(Tz)+ ZPJ(TZ)RJ-l(Tj-l)) Bty D= ool

=2
Ne=Qu(Ty)-AL, £=1,...,L-1
AL =YL — yig.
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Time parallel algorithm based ParaExp

Time parallel algorithm based ParaExp

Algorithm

@ Solve the linear
M . AL —f= 0,

where

L
1 1
M= |1+ =R (T)+ = PTOR—1(Ti—1) |,
+ =RUT) + = Y PTLIR-1(Tj-1)
j=2
f:=P1(TL) yi — Yig-

@ Update the trajectory of the state Y.

£

1
Ye="Pi(Te) yi — -~ Re(Tz)+ZPj(Te)Rj—1(7}—1) ‘A, £=1,...,L

Jj=2
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Conclusion

Conclusion and Ongoing works

o Conclusion
® Time parallel algorithm based Parareal: ParaOpt,
® Some convergence results using Runge-Kutta method for a linear
dynamic.
® Time parallel algorithm based ParaExp.
o Ongoing works
® Preconditioner for Time parallel algorithm based ParaExp.
® Time parallel algorithm based ParaExp for the following optimality

systems
y=Ly—2xX on (0,7), A=—-LTA+(y—9) on (0,T)
y(0) = yo, NT)=—=v(T) = (7))

® Preconditioner to speed-up that algorithm.
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