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Optimal control problem

Optimal control problem

@ Let us consider the following Cauchy
problem on [0, T,

y(t) = f(y(¢)) = u(t),

y(0) = yi. ST
@ y,uecR". /
@ y;: the initial state, !
@ yig: the target state. /

Assumption S

We assume that this equation is controllable, .i.e, /
the application u — y(T) is subjective. 07

Optimal control problem

Find the optimal control u such that

y(T) = yeg.

v
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Optimal control problem

Optimal control problem

@ The optimal control problem becomes the
following optimization problem.

Minimization problem

-
s 1 «

min3(u) i= S I(T) = yeglP+ 5 / Jull2(e)d,
Y 0

subject to

y(t) = f(y(t)) = u(t), t €[0, T]
y(0) = yi.
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Optimal control problem
Optimality system

@ Using an adjoint variable A, the Lagrange operator becomes

-
oy ) =W~ [ () - 0) Ak
0
e Taking V£ = 0, we get the optimality system

{y —fy)=u {A +IFWT A=
y(0) =y, MT)=y(T) = Yug,

au = —M\.

Reduced optimality system

{y(t) = (1)) = 2A2),
At) =~ [P (O] A),

with the initial and final conditions y(0) = y; and A(T) = y(T) — ys respectively.

(1)
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Paraopt algorithm

Multiple shooting

@ Partition of [0, T] into
[Tec1, Te], To=0, Ty, =LAT
and /=1,...,L.

@ Subproblem notation on
[Te—1, Te]

ye=Ff(ye) — X
(8): {xe — I A

with initial and final

conditions y;(T¢—1) = Yo—1
and A\¢(T¢) = A¢ respectively.
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.
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() eeee @
m Y =y(Ty)
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Paraopt algorithm

Multiple shooting

@ Introduce the solution operators to solve the subproblems.

y(Te) =P(Yi—1,N\e)
MTi—1) =Q(Ye—1, ).

@ The solutions must match at interfaces, which lead to the equations

o

Yo—vyi =
Yi—P(Yo,Ar) = 0| Ai—Q(Y1,A) = 0
Yo— P(Yi,A2) = 0| A—Q(Y2,A3) = 0

Y/_—P(Y/_,l,/\/_) = 0 /\/_—YL+ytg = 0.
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Paraopt algorithm

Nonlinear system

@ Collecting the unknowns in the vector X we obtain the nonlinear system

Yo—Vi Yo
Y1 — P(Yo, A1) :
Y, — P(Y1,A2)
: Y,
FX)=| YL—P(Yi_1,A) | =0, X:= /\L : (2)
A — Q(Y1, M) !
A — Q(Y2,A3)
A=Y+ ye AL
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Paraopt algorithm

Newton Method

Newton method

]_—/ (Xk) (Xk+l _Xk) — —]:(Xk),

where

=Py (Yo, M) 1

—P,(Y1, A) 1

—Py(Yi1, \) !

—Px(Yo, Ar)

Pa(Y1, A7)

—Pr(Yio1, AL)

—Q (M, A)

=Q (Y1, M)
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Paraopt algorithm

Jacobian approximation and Parareal Idea

o Like in Parareal the remaining expensive fine grid P(Yy—1,/As) and
Q(Ye—1,M¢) can now all be performed in parallel.

o Derivative Parareal idea [Gander & Hairer 2014]:

Yk+1 Yp 1)
/\k+1 k)

Py(yelip/\é)(yzkjll Ye 1) ~ (YF 1’/\1/)
PA(YE 1 NN = AF) (Y1)
Q/\(sz—b/\?)(/\éﬂ k)% QA(Ye 17/\4)

)~ Qy( )

Q(Yea A = Yy QY (Y. MY/ = Yi).

Py (
~ P§ (
G (Ak+1 k)
(

—— Derivative Parareal: M. Gander and E. Hairer, Analysis for parareal
algorithms applied to Hamiltonian differential equations, 2014.
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Paraopt algorithm

Paraopt algorithm

@ Application to the Jacobian F’ by solving linear subproblems in parallel using
a coarse solver.

e JC is the coarse approximation of F'.

Paraopt algorithm

jG (Xk) (Xk+1 7xk) — *./—'.(Xk) .

— ParaOpt : M. Gander, F. Kwok, J. Salomon, ParaOpt: A Parareal algorithm for
optimal control systems, 2020.
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Discrete formulation

Discrete cost functional

@ Let My, M €N, 6t =T/My, AT = Mét, My = ML and t, = nét,n=0,..., Mp.

i 1 Te %T[Jr ! -1 e
0 T
o ot , 0t t t3 ty tM—2 tM—1 ty
———————— -————eo—
Te Tet1

@ We consider a quadrature formula (d, ¢). Discrete cost functional :

My—1 s

o 1 2, & 2
Fse(t) = S lvmsy = vesll + 566 > Y dlunP,

n=0 j=1

with yp, = y(T) and up; = u(ts + ¢;ot).
@ Runge-Kutta method (A, b7, ¢) for the linear dynamic

s
gi =f yn+5tzaf,jgj +uni, i=1,...,s,
j=1

s
Ynt1 =Yn + 0t E bjgj7 yn = y(tn).
=1
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Discrete formulation

Discrete constraint

@ Matrix notation
Yn+1 = Yn + 6t(bll7 LR bsl)(ngv .. 7gsT)T'
@ We consider the linear dynamic given by
y(t) = Ly(t) = u(t).

@ The stage approximations g; satisfy

81 »C'Yn + Un 1

=(I-dtAxL)"?

8s L}/n + Un s

@ Setting (Wi, Wa, ..., Ws) = (b1l,...,bsI)(I — 6tA® L£)~!

Lyn + Unp1
Yn+1 :yn+5t(W1,W2,...,Ws) :
Lyn + Un,s
@ The discrete constraint:
s S
Vni1 = (l+6tW£)y,,+5tZ Wunj, W:ZW,-. (4)
j=1 i=1
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Discrete formulation
Discrete optimality system
@ The optimality system
Yo =VYi

S
Vo1 = (I + 6tWL)y, + 6ty Wiy

j=1
Ao = (I +0tWL) \piy
AMy = YMo — Vg
adjun; = =W A1
@ Reduced optimality system
Vor1 = (I + 0tWL)y (Z W, WT> bt

A= (1+StWL) Ay,

with initial and final conditions yg = y; and Apj, = ym, — Yig respectively.
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Discrete formulation

Discrete optimality system

o Eliminating the interior unknowns (y,) and (\,) on each subinterval

[Te, Tesa]
Yo—yi = 0
Yi—Ss:Yo+ iRseN = 0| A —=S8JA, =0
Yo —SstYi+ 2Rsthy = 0 :
: Ay —SIA =0
Yi—SseYic1+iRseh = O AL=Yi+yg =0
where
Sst = (I + StWL)M,
M-1 s 1
Rt =0t »_(I+6tWL)" <Z i vv,-wf) [(1+6tw L))",
n=0 j=1
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Discrete formulation

Discrete optimality system

@ The function F5:(X) := Ms: X —f=0;

/ 0 Yi
. 0
—Sst . R&/Oé
. . . 0

R _$6t / R&t/a .

Mor — l 78(;’; ) f -
—S4: 0

=1 / —Yig
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Discrete formulation

Discrete formulation

o We introduce the coarse time step At = AT /N with
ot <At < AT.
@ The Paraopt algorithm becomes the following iteration
Mae (XK= X)) = — (Mg X5 — 1), (5)

or
Xkt — MZ% (MAt — Mat)Xk + M;%f

@ How do behave the convergence factor of the iteration matrix
-1
MAt (MAt - M(St)?
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Convergence analysis

Convergence analysis

@ The Dahlquist problem case where £ € R™.
e Backward Euler method: (A, b7, c) = (1,1,1).
@ Quadrature formula: backward Euler method (d, c) = (1,1).

Theorem (Gander et al)

Let AT,At, 6t and o be fixed. Then for all L < 0, the spectral radius of
Mt (Mar — Ms,) satisfies

0.79A¢t
max p(L) < ———— +0.3.
£<0 pL) a+ vValAt

Thus, if « > 0.4544At, then the linear Paraopt algorithm converges.
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Convergence analysis

Convergence analysis

Definition

o Let &, i€ {0,1} be the finite sequence set

L
E={Y =(Y)i=i... : Ye ER and |Y|ar = AT > [|Ye]? < oc}.
l=i

° ForX:<X>€50><81,

L L
IXIZ = 1Y lar + o ?[Alar = AT (Z IYell? +a72) ||/\e||2> :

=0 =1

@ The induced matrix norm

M|« = inf{r; [|Ms:X|l« < 5[ X, X € E x E1}.
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Convergence analysis

Stability condition

Assumption 1

We assume that the Runge-Kutta method satisfies the stability condition

I+ AtWL| < 1.

o Let {vj,j=1,...,r} be the spectrum of £ and F the stability function of
the Runge-Kutta method.

@ The assumption 1 means that

{Aty;,j=1,...,r} C{z e C;|F(2)] < 1}.
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Convergence analysis

Convergence results

Lemma (Kwok, Salomon, T)

Let the integers p, q be given, k = min{p, q} and the assumption 1 holds. We
assume that the Runge-Kutta method and the quadrature formula are of order p
and q respectively. Then there exist cs > 0 and cg > 0 independent on §t and
At such that

Sar — Sst|| < cs(At — 5t)AtP™ and |Rar — Retl < cr(At — 6t)AtFL.

4

Theorem (Kwok, Salomon, T)

Let the integers p, q be given, k = min{p, q} and the assumption 1 holds. We
assume that the Runge-Kutta method and the quadrature formula are of order p
and q respectively. Then there exists cpq > 0 independent on dt and At such that

[Mar — Mse|l« < cm(At — 5t)Atk71.
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Convergence analysis

Convergence results

Theorem (Kwok, Salomon, T)

Let us assume that the assumption 1 holds. Then there exists cy—1 > 0
independent on At such that

_ Capm—1 _
IMEHL < S+ a7,

° p < [Mp; (Mae — Mat) |l
Spectral radius

p < co(At — 5t)AtkT,

0= arcmem-1(l+at).
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Numerical results

Numerical results

@ We consider the heat equation in one dimension
Ory(x,t) — O2y(x,t) =u(x,t), 0<t<T
y(X’O) :yO(X)7 0<x<1,
y(0,t) =y(1,t) = 0.
@ A semi-discretization in space of this equation gives
Oey(t) =Ly(t) + u(t), t € [0, T]
¥(0) =xo

where y = (¥n)n=1,....r and u = (up)p=1,...., and
c L iridiag(~1,2,—1)
= ———5tridr —_ —1).
6X2 ag ) )
Copper Mountain MGRID Conf
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Numerical results

Test 1

@ The spectral radius p of the iteration matrix

MZ: (Mae — Mss:) satisfies

p < CoAtk.
log10(p) = f (log 10(At))
R P Tog10(p) = f (log 10(At))
@ Singly Diagonal Implicit Runge-Kutta (SDIRK) —+—polyit: log 10(p) = 31810g 10(AL) + 335 /
of order 3, v = % 2
0 1 *
A= v b= |2 - R =
1-2v ~« 3 1—v g
@ The stability condition is satisfied for 8
st, At < 1 (3 + 2\/§) 5x2.
-10
Problem parameters: T =10, a = 1.
@ Discretization parameters: B . 4 a5 3 25 2 s

L=20,r=10,6x = 0.1, AT = 0.5, 5t = AT/216 At = log 10(A2)
AT/2" n=4,...,14

@ We plot the log p on y-axis and log At on x-axis.
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Numerical results

Test 2

@ The spectral radius p of the iteration
matrix MZ: (Mar — Mg;) satisfies

p < CoAtk.

log 10(p) = f (log 10(At))

@ Heun method of order 2' 5 (= o “curve 105 1007) = 7 (o 10(37) T
—%— polyfit: log 10(p) = 2.041og 10(At) + 0.1
N
0 0 i 0
A= b= c= s
1 0 i 1
2
= 8r
=1
@ The stability condition is satisfied for ?
A g ol
5t At < 2.
10}
@ Optimal control problem parameters:
T =10, =1. nr
@ Discretization parameters: 12 . . ! . ! .
-6 5.5 -5 -4.5 -4 -3.5 -3 25
L=20,r=4,8x =025 AT = 0.5, §t = log 10(At)

AT/(10 x 216), At = AT /(10 x 2"), n =4, ..., 14

@ We plot the log p on y-axis and log At on
X-axis.
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Thanks

Thank you!
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