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ParaOpt Algorithm

Optimal control problem

Let us consider the optimal control problem on a fixed, bounded
interval [0, T].

@ Cost functional
1 a [T
I@) = SIT) = yegarl 2+ 5 [ 12(0)at,

@ «: a fixed regularization parameter;
® Yiarger: the target state;
@ v : the control;
@ y: state function is described by the equation
(1) = Fy(8) + 1(e), te[0;T]
B (1)
¥(0) = Yinit-
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Optimality System

@ Linear control case

Linear eq. Non-linear eq.
"Linear” control y=Ay+Bv | y="f(y)+Bv
Non-linear control y =AWy y="f(y,v)

o Lagrange operator

;
Ly, A\ v)=J(v) —/O (A(t), y(t) = f(y(t)) — v(2)) dt.
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Optimality System

@ Optimality system

y(t) =f(y(¢)) +v(2),
AE) == (F))TA(D),  and {
av(t) = — A(t)

¥(0) =Yinit
>‘( T) :y( T) — Ytarget-

— Elimination of v

A
) D
A=—(fy))TA,

with initial and final condition respectively y(0) = yinir and

)‘(T) = y(T) — Ytarget-
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ParaOpt Algorithm

Optimality system on subintervals

° [0, T]= Ué;&[TZa Tev1], Toe=(LAT.

(So) (S1) (St-1)

@ Subproblem notation

{Ye = f(ye) — 2, and {Y(TZ) =Y
A=—F"(y) "N, MTev1) = Neqa,

where Y, and A, are the approximations of y and A in
Te, 0 =1,..., L respectively.
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ParaOpt Algorithm

Optimality system with matching conditions

@ Denoting

Y(Tes1)| _ | P(Ye, Aeya)
] = e

@ The optimality system is enriched:

Yo — Yinie = 0
Yi—P(Yo,A1) = 0 A —-Q(Y1,N2) = 0
Yo — P(Y1,N\2) = A — Q(Y2,N3) = 0

o

YL =P(Yi—1,AL) = 0 A=Y+ Yearget = O
We have that a system of boundary value subproblems, satisfying

matching conditions.
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ParaOpt Algorithm

Optimality system in compact form

o Collecting the unknowns in the vector

(YT ATY = (Yo, Y1, Yo, oo, Y, AL Mgy oo AL,

we obtain the nonlinear system

Yo — Yinit
Y1 — P(Yo,/\l)
Yo — P(Y1,M\2)
v :
]—'<A> = vi—P(v_.A) | =0 (3)
A — Q(Y1,N2)
Ny — Q(Y2,3)

/\L - YL + Ytarget
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ParaOpt Algorithm

Newton method

@ Newton method

, yk yk+1 _ Yk
F /\k Ak+1 _ /\k

where

i
“P(YyAy) T

-F(Yi,0p) 1

)= (%),

-P(Y,A)

~Py(Y-1,A)

’Q?/(YlaAZ)

=@y (Vg1 Ap)

1 ~O(Y1,Ay)

I =O\Yp-1,Ar)
I
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ParaOpt Algorithm

Coarse approximation of Jocabian matrix

@ JC coarse approximation of Jacobian matrix F’ using derivative Parareal
idea, which corresponds to:

Py(Yely, NY(Y/ = Vi)
PACYE 1 NN = AF)
QUYL AN = AF)

Q (YL )Y = Yiy)

Q

PV, NS = Vi),
PY(YE 1, AN = AD),
QR (Y[ AN = AY),
QP (Y[ (Y = Y.

Q

Q

Q

@ The computation of P¢, P¢, Q% and Qf involves linear problems on the
subintervals in parallel using coarse solver.

— Derivative Parareal: M. Gander and E. Hairer, Analysis for parareal
algorithms applied to Hamiltonian differential equations, 2014.
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ParaOpt Algorithm

Inexact Newton method

@ Inexact Newton method

k k+1 k k
clY Y -Y Y
j (Ak></\k+1_/\k>:_“’t</\k .
— ParaOpt : M. Gander, K. Felix, J. Salomon, ParaOpt: A Parareal algorithm
for optimal control systems.
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ParaOpt for Dahlquist problems

@ Let us consider the Dahlquist problem

y(t) = oy(t) + v(1),

where ¢ is real number.

@ Linear equation case

Linear eq. Non-linear eq.
"Linear" control y=Ay+Bv | y="f(y)+Bv
Non-linear control y =AWy y="~f(y,v)

o Let At = AT/M and 6t = AT/N such that 6t < At < AT.
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ParaOpt for Dahlquist problems

Definition of solutions operators

@ Negative o case: backward
Euler method

P(Ye Aes) = Bse Yim 2 Agy,

Q(Ye, Nes1) = BseNesas

with
Bst = (1 — Uét)%,
Vst 1= Bgt -1
T 52+ oot)

@ Positive o > 0 case: forward
Euler method

P(Ye: M) = Bse Yim 2t A,

Q(Yr, Ney1) := BseNet1,
with

Bst = (1+ (r(3t)%,
. Bz%t -1
Yot T A e
(24 odt)
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ParaOpt for Dahlquist problems

ParaOpt for Dahlquist problems

Linear form of ParaOpt

@ ParaOpt algorithm becomes

Mpe (XK — XK) = —(Ms. Xk — b),

X = (Y7A)T> b= (Yinit707--'a07 _Ytarget)Ta
1 0
_ﬁét 1 %
. . . 0
Mét = _B(St 1 %
1 —fst
1 _6&
-1 1
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ParaOpt for Dahlquist problems

Negative o case

Theorem (M. Gander et al.)

Let AT, At, 0t and « be fixed. Then for all o < 0, the spectral radius of
(Id — M;%M(;t) satisfies

—— < 0.79At i
PR9)a<0 o+ vValAt

Thus, if a > 0.4544At, then the linear Paraopt algorithm converges.

0.3.
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ParaOpt for Dahlquist problems

Analysis of positive o case

@ Let y be a nonzero eigenvalue of <ld — ME%M(;t).

B = Bat, ¥ =7at, 08 =B — Bst, 07 =7 — Vsr.
T =B —73B/d7.
We have 1 <7< 3, §8 <0 and év < 0.

Let ¢ be a function defined on ]1, 00 by

1
X :XZL_2 X — — X+ —.
Y(x) (x—1) +3
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ParaOpt for Dahlquist problems

Analysis of positive o case

@ 1 has only one root g in ]1, co[.
@ Let L be
CED
V(T —70)

Theorem

Let 0 > 0,c, T, L,At, 6t and be fixed. If 1)(1) > 0 and L satisfies
L > «lg then, the spectral radius of (Id — M&%M&) satisfies

p < (At —dt) C(o,AT),

where

C(o,AT) = Ba +o (;J(At —ot) + 1> ezaAT] :
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ParaOpt for Dahlquist problems

Analysis of positive o case

@ The eigenvalues p are roots of the polynomial
() =0l 4 (4224 4258) X (- w2s5)”
: 5 5 2 .

@ Change of variable u = ﬂ‘s_ﬁz

L—1
f(z) = agg —(r—2) ;:%zze.

e C:={zeC,|z-p| < (B—10)} and

L-1

h(z) :== (1 — 2) Z 7%,

(=0
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ParaOpt for Dahlquist problems

ParaOpt for Dahlquist problems

Analysis of positive o case

e (1) >0and L > aly, |fi(z) — h(z)| < |h(z)| on C.
@ Using Rouché’s theorem, f; has only one root a* inside C.

| C
Unit circle:
,,,,,,,, = .

|
|
|

@ a* is real number.

@ 79 < a* < 7, so that

f(z) = as- (t—2)> 22l >0, for z €]r, oql.
v 1=0
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ParaOpt for Dahlquist problems

Analysis of positive o case

@ Eigenvalues associated with the roots of £ outside C lie in the disk

DZ:{ZGCZ|Z‘§(IB|5_5|}.

70)

@ The eigenvalue associated with a* is u* = 03/(8 — a*) < 0.
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ParaOpt for Dahlquist problems

ParaOpt for Dahlquist problems

Analysis of positive o case

@ The spectral radius is determined by p* then

p=Ip <
@ In first time

1671

5 (At —ot) +

M\q

e And
/85t 52
-1

%(At —dt)+1

/851- B2
B

< o(At — 5t)e® A,
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Numerical results

Numerical example

We fix T=1,0=1,aa=0.1 and L = 10.

At =1072.T,6t = At/2k k =

0,...,20.
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Numerical results

Numerical example: Inverted pendulum

Inverted pendulum

@ Equation of the system

¢ 1(t) = w?sin y1(£) — x(t) cos y1 (t),
n(t) with w = %
x(t) 0
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Numerical results

Numerical example: Inverted pendulum

o Let y = (y1,¥2),

yi(t) =ya(t)
ya(t) =w?sin y1(t) + v(t) cos y1(t),
where v = —X.

@ Non-linear control case :

Linear eq. Non-linear eq.
"Linear” control | y = Ay + Bv | y = f(y) + Bv
Non-linear control | y = A(v)y y="f(y,v)
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Numerical results

Numerical example: Inverted pendulum

@ T=1,a=10"21L=8,g=981,£=0.5,5t =2.10"°T.

4 Yinit = (%7 %)7ytarget = (0,0)," = %

2

L*norm error

10-10 |

10-15 |

0 2 4 6 8 10 12 14
Iterations
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Thank you for your attention!
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